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Abstract

The ®nite aspect ratio e�ect on Couette±Taylor ¯ow was studied by means of three-segment electrodi�usion
probes. The geometry of the Couette apparatus was characterized by the cylinders radii R1 � 100 mm and R2 � 110
mm and by the aspect ratio G � L=�R2 ÿ R1� � 9:85: The velocity gradient components were measured by
electrodi�usion probes placed at the steady outer wall and at a con®ning ring between cylinders. The distributions

of the azimuthal and axial components of velocity gradient at the outer wall indicated the existence of Ekman
vortices at rotation rates smaller than the critical rate of onset of Taylor vortices in an in®nitely long gap. The
amplitude of the azimuthal component of velocity gradient of Ekman vortex grows linearly with Taylor number.

The results of measurements are in good agreement with numerical simulations made by a ®nite element method
which in turn gives a complete description of the ¯ow. 7 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

The ¯ow between concentric rotating cylinders has
been intensively studied in the last three decades both

theoretically and experimentally [1]. When the rotation

rate of the inner cylinder exceeds a critical value, TaC,

the circular shear Couette ¯ow is replaced by a ¯ow
with steady toroidal cells Ð counter-rotating Taylor

vortices. Further increase of the rotation rate brings

about the following scenario: azimuthal waves on the
toroidal roll cells at TaW, modulated azimuthal waves,

turbulent ¯ow in the cells and ultimately turbulent

¯ow in the whole gap. Couette±Taylor ¯ow with

superposed small axial ¯ow has practical applications.
Legrand and Coeuret [2] and Desmet et al. [3] studied
mixing in the cells with the aim of making use of Cou-

ette±Taylor ¯ow in chemical reactors because it ex-
hibits a narrow residence time distribution and low vel-
ocity gradients. Kataoka et al. [4] found that regimes

with modulated azimuthal waves and weakly turbulent
cells are convenient for emulsion polymerization of
styrene. The use of Taylor vortex ¯ow for the control
of concentration polarization and membrane fouling

was reviewed by Mikulasek [5]. Dumont found struc-
tures similar to Taylor vortices in heat exchangers with
scraped walls [6].

The equipments making use of Couette±Taylor
¯ow have cylinders with ®nite length and are con-
®ned by rigid boundaries. This means that their

aspect ratio is ®nite. It is well known, see Andereck
et al. [7], that toroidal vortex motion starts in the
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Ekman layers adjacent to the motionless boundaries

much earlier than Taylor vortices. Although Ekman

vortices are very important from a practical point

of view, they have not been studied as intensively

as the classical Couette±Taylor problem with an in-

®nite aspect ratio. Benjamin [8,9] studied the mu-

tation of primary ¯ow as the length of

comparatively short annulus was changed. Mullin

[10] investigated the evolution of primary ¯ow and

the transition from N-cell mode to �N� 2)-cell

mode by ¯ow visualization. At small rotation rates,

Mullin observed that the steady motion was mainly

in circles, but some three-dimensional features may

appear near the ®xed end walls. At a critical ro-

tation rate, cells grew progressively from the ends

to meet at the centre forming a primary cellular

¯ow that is uniquely determined over the respective

range of aspect ratio. Cli�e [11] and Anadouli et al.

[12] used ®nite-element methods for ¯ow simulations

in a comparatively short annulus.

The knowledge of the wall shear distribution is im-

portant for the design and optimization of the above

mentioned equipment. Cognet [13] started a long series

of wall velocity gradient measurements in Couette±

Taylor ¯ow. He then used simple probes for measuring

the axial distribution of the limiting di�usion current.

SobolõÂ k [14] has shown that three-segment electrodi�u-

sion micro-probes are very convenient for mapping the
axial distribution of azimuthal and axial components
of the velocity gradient at the wall of the ®xed outer
cylinder.

The aim of the present paper is an experimental and
numerical investigation of the Ekman vortices and
their interaction with the Taylor vortices. Axial distri-

bution of the azimuthal and axial components of the
wall velocity gradient is measured by three-segment
electrodi�usion probes at the ®xed outer wall of an

annulus with a comparatively small length enclosed by
two ®xed rings. The vortices are swept along the
probes by moving the rings simultaneously in the axial
direction. Another measurement is made using a three-

segment probe ®xed in the upper ring. The azimuthal
and radial components of the wall velocity gradient at
the upper ring are measured by this probe. The exper-

imental results are compared with numerical simu-
lations made by a ®nite element method.

2. Experimental conditions

The experimental apparatus, which has already been
used for several other studies, e.g. by Ait Aider [15],

Nomenclature

F Farraday constant
c concentration of active species
cE Emkarox concentration b.w.

d � R2 ÿ R1 gap width
D coe�cient of di�usion of active

species

I electric current
k segment number
K multiplication parameter in depen-

dence of current on velocity gradi-
ent

L gap length
n exponent in dependence of current

on velocity gradient
ne number of electrons involved in

reaction of one ion

R electrode radius
R1 radius of the inner cylinder
R2 radius of the outer cylinder

r, z, y radial, axial and azimuthal coordi-
nate

Ta � rOR1d
m

�����
d
R1

q
Taylor number

u radial velocity component
ux � @u=@x gradient of radial velocity com-

ponent at the ring
v azimuthal velocity component
vx � @v=@x gradient of azimuthal velocity com-

ponent at the ring
vy � @v=@y gradient of azimuthal velocity com-

ponent at the outer wall

w axial velocity component
wy � @w=@y gradient of axial velocity com-

ponent at outer wall

x distance from ®xed ring
y � R2 ÿ r distance from outer wall

Greek symbols

m dynamic viscosity
r density
O rotation rate

Subscripts
C critical value at which Taylor vor-

tices start
e extreme value
W critical value at which azimuthal

waves start
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was modi®ed for the present work, (Fig. 1). It consists

of an inner Plexiglas cylinder with a diameter of 200
mm and a height of 170 mm and a cylindrical Plexiglas
vessel with an inner diameter of 220 mm and a height

of 200 mm. The cylinder is led by a sunk pivot ball
bearing at the bottom and a self-aligning ball bearing
in the cylinder cover. A direct current motor drives the
cylinder by means of belt and pulleys. Rotation rate is

adjusted manually by a potentiometer. Flow structures
were con®ned in a cage of two ®xed Plexiglas rings
with an inner diameter of 201 mm and outer diameter

of 219 mm and a height of 15 mm. Three stainless
steel bands with a thickness of 0.3 mm and a width of

10 mm connect the two rings at the outer perimeter,
(Fig. 2). The distance between the rings is 98.5 mm.

The upper ring is suspended on three rods, which are
moved simultaneously in the vertical direction by a
central screw with a thread of 1 mm. Two three-seg-

ment electrodi�usion probes are mounted ¯ush to the
vessel wall and one probe to the upper ring. The cage
displacement is limited by the liquid level. Hence the

velocity gradient distribution in the upper part is
measured with the upper probe and in the lower part
with the lower probe. The apparatus is ®lled through a

hose and a ®tting mounted in the vessel bottom. The
liquid temperature is measured by a thermometer
immersed in a T-®tting on the hose.
A cylindrical system of co-ordinates r, y, z and

measured velocity gradient components are shown
schematically in Fig. 3. The azimuthal component
@v=@y and the axial component @w=@y of the velocity

gradient are measured simultaneously by two three-
segment probes at the wall of the outer cylinder, r �
R2: With the aim of obtaining the axial distribution of

the velocity gradient components, the vortices are
swept along the probes by a slow axial motion of the
cage. When the liquid is held at the level of the upper

®xed ring, the vortices follow the axial motion of the
cage without any distortion. The cage is raised in steps
of 1 mm. Two other components of the wall velocity
gradient, @v=@x and @u=@x, are measured by a ¯ush

mounted probe in the upper ring, z � L: Probe 3 is

Fig. 1. Experimental apparatus: 1, 2, 3 Ð three-segment

probes #1, #2 and #3, 4 Ð rotating inner cylinder, 5 Ð ®xed

outer cylinder, 6 Ð upper ring, 7 Ð lower ring, 8 Ð rods, 9

Ð cover, 10 Ð cylinder shaft, 11 Ð sunk pivot ball bearing,

12 Ð self-aligning ball bearing, 13 Ð ®tting.

Fig. 2. Cage of the rings.

Fig. 3. De®nition of measured velocity gradient components

and system of co-ordinates.
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¯ush mounted in the upper ring at a distance of 3.3

mm from the inner cylinder.
Before each series of measurements, critical rotation

rates of the Taylor vortices onset, OC, and of the onset

of azimuthal waves on Taylor vortices, OW, were esti-
mated. For this purpose, the liquid level was lowered a

few millimetres below the upper ring. Supposing that
the free liquid level is a plane of symmetry, the aspect
ratio was doubled in this way to a value of 19.7 that

could be considered as an in®nite ratio. The com-
ponents of velocity gradients were then followed with
the upper probe at a distance of 10 mm below the

liquid surface. The Taylor vortices manifested them-
selves by a non-zero component @w=@y, and wavy ¯ow

by ¯uctuations of both components, @w=@y and @v=@y:
Taylor instabilities appeared in our water ®lled ap-

paratus at a wall velocity gradient of about 1.2 sÿ1.
Ekman vortices started at an even lower velocity gradi-
ent. It is possible to measure such a small gradient by
three-segment electrodi�usion probes [14], but higher

gradients are resolved with a better accuracy. There-
fore, we have looked for a liquid with a higher vis-

cosity in which electrodi�usion method works well.
Aqueous solutions of glycerol are not very suitable, as
high concentrations are necessary to increase the vis-

cosity. The di�usivity of species in concentrated sol-
utions of glycerol is low. On the contrary, water
soluble polyalkylen glycols, mostly used as synthetic

lubricants, need a much smaller concentration to
achieve a high viscosity. An aqueous solution of 20%

Emkarox HV 45 (product of ICI), has a viscosity of
approximately m � 48 mPa s, a density of 1050 kg mÿ3

and a di�usivity of D � 3� 10ÿ10 m2 sÿ1 at a tem-

perature of 228C. The electrolyte does not change the
viscosity very much, which is constant in the range of
velocity gradients (10, 300 sÿ1) encountered in our ex-

periments. The properties of aqueous Emkarox sol-
utions did not change during the 3 months of

experiments.
Choplin et al. [16] describe pure Emkarox as a

highly elastic-constant viscosity liquid. Therefore, we

veri®ed the elasticity of aqueous solutions with the
electrolyte and its in¯uence on the Taylor instability in

several ways. The complex modulus, G �, of 22.8%
Emkarox solution was measured in the Weissenberg
Rheogoniometer CARRI-MED. It follows from the

values of the storage modulus G
0
, which achieved only

13% of the loss modulus G
00
in the frequency range

(1, 10) Hz, that this solution is only slightly elastic.

Thomas and Walters [17] showed that the elasticity
decreases the critical Taylor number of Couette ¯ow.

This was not the case for the Emkarox solutions used
in our experiments, because the critical Taylor number
calculated from the measured viscosity and critical ro-

tation rates did not di�er more than 3% from the
value Tac � 43:7, which was found for inelastic liquids

and in®nite aspect ratio [18]. Another proof that the
solution can be treated as purely viscous was the agree-

ment of the measured components of the velocity
gradients with the numerical simulation.

3. Three-segment electrodi�usion probes

The electrodi�usion method of wall velocity gradient
evaluation is based on the measurement of the electri-
cal current which ¯ows through an electrolytic cell.

The cell is composed of a small working electrode, a
much larger auxiliary electrode and an electrolyte. The
electrolytes with redox reaction are used preferably. If
the reaction kinetics is fast, the voltage between elec-

trodes is high enough and the migration e�ect is sup-
pressed by supporting electrolyte, the electric current
depends only on the molecular and convective di�u-

sion processes in the vicinity of the working electrode
Ð the probe. A plateau in the dependence of current
on voltage is characteristic for this so-called limiting

di�usion current, I. Polarograms shown in Fig. 4 were
measured with the three-segment platinum probe #2 in
20% Emkarox with 25 mol mÿ3 potassium ferri- and

ferro-cyanid and 2% K2SO4. They show quite a good
plateau in the interval (ÿ0.9, ÿ0.2) V. The auxiliary
electrode was a platinum sheet with dimensions 10�
20 mm2 glued in the vessel bottom. Voltage ÿ0.8 V

was adjusted in the measurements of velocity gradi-
ents.
Neglecting the di�usion in the longitudinal and the

span-wise directions relative to the homogenous ¯ow
®eld characterized by a wall velocity gradient, g, the
Leveque solution

I � 2:155neFcD
2=3Rg1=3 �1�

is valid for a circular electrode with radius R, ¯ush
mounted into the wall. Because the concentration, c,

Fig. 4. Polarograms measured by three-segment probe #2 in

20% EMKAROX at several velocity gradients.
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the di�usivity of species, D, and the probe geometry
are not always exactly known, it is necessary to make

a calibration by measuring the dependence, I � Kgn,
under well de®ned velocity gradients. For this purpose,
a smaller radial gap was created in the apparatus

(Fig. 5), by pulling two PVC rings with an outer diam-
eter of 214 mm and a height of 30 mm on the cylinder
4 in the height of the probes 1 and 2. The annular gap

of 3 mm allowed much higher velocity gradients in
laminar ¯ow than the 10 mm gap used in the exper-
iments. The calibration results of the probe #2 in 20%

Emkarox are given in Fig. 5. Due to the molecular dif-
fusion in the longitudinal and the span-wise directions
(low Peclet number) the exponent n has a smaller
value than that of the Leveque solution. The values of

K � 2:862, n � 0:31 were used for g 2 (10, 200) sÿ1 and
K � 2:625, n � 0:33 for g 2 (70, 500) sÿ1. The par-
ameter K was veri®ed by the current measurement

before and after each experimental run in the 10 mm
gap at maximum rotation rate of the laminar Couette
¯ow.

Eq. (1) was obtained by integrating the current den-
sity i over the electrode surface. It holds i1x ÿ1=3e ,
where the distance x e is measured from the front elec-

trode edge in the ¯ow direction. Distribution of the
current density on a three-segment electrode is shown
in Fig. 6. The shadowing is darker with the higher cur-
rent density. It is clear that the rear segments have

smaller current that the forward one. The theory of
three-segment probes was established by Wein and
SobolõÂ k [19]. The dependence of the current through a

segment, normalized by the total current, Ij=
P

Ik, on
the ¯ow direction was called a directional character-

istic. It is necessary to measure directional character-
istics of real probes, for example by turning a probe,
which is ¯ush mounted into the wall exposed to a

steady laminar shear ¯ow. The directional character-
istics of the probe #2 are shown in Fig. 7. The magni-
tude of the velocity gradient and the ¯ow direction

were calculated and displayed on-line by means of the
software [20].
Three-segment probes are circular probes composed

of insulated segments (Fig. 8). The three-segment
probes were fabricated in house by pulling simul-
taneously three platinum wires through a goldsmith
wire-drawing die. The platinum wires were annealed

after each pulling. In the beginning the wires had a di-
ameter of 0.5 mm and the pulling started through a
cylindrical hole with a diameter of 1 mm. Reshaped

into a sector-form, the originally circular wires ful®lled
totally the last die with a diameter of 0.5 mm. They
were then coated electrophoretically with a deposit of

a polymeric paint. They were then glued together with
the Epoxy resin 1200 (United Chemical and Metallur-
gical Works). A small amount of the resin was put

among the wires, which were then pressed tightly
together by a jaw collet. After soldering leads, the
wires were glued with an Epoxy resin CHS 521 (United
Chemical and Metallurgical Works) into a stainless

tube with a tip diameter of 3 mm and an inner diam-
eter of 1 mm. The tube face was polished with emery
paper of a grit size 15 mm. The stainless tube served as

an anode and also as an electrode screening. The fabri-
cation procedure was improved considerably during
the last years; compare the probe used in the present

study (Fig. 8), with the probe used earlier by Deslouis
et al. [21].

Fig. 6. Distribution of the current density on a three-segment

probe.

Fig. 5. Dependence of the total current of three-segment

probe #2 on the velocity gradient. Full line

ÿI � 2:862�@v=@y�0:31:
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4. Numerical model

The Couette±Taylor ¯ow, con®ned in the vertical
direction, is also explored numerically. The behaviour

of the end wall vortices is analysed for sub-critical and
critical Taylor numbers. For a su�ciently slow ro-
tation, the equations describing the ¯ow are the axi-

symmetrical Navier±Stokes equations, i.e. three vel-
ocity components and 2 geometry variables. We intro-
duce the non-dimensional variables using d, Oÿ1 and

OR1, respectively as length, time and velocity scales.

The non-dimensional system to be solved is:

@u

@ t
� u

@u

@r
� w

@u

@z
� v 2

r
� ÿ@p

@r
� 1

Re

�
Duÿ u

r 2

�

@v

@ t
� u

@v

@r
� w

@v

@z
ÿ uv

r
� 1

Re

�
Dvÿ v

r 2

�

@w

@ t
� u

@w

@ r
� w

@w

@z
� ÿ@p

@z
� 1

Re
�Dw� �2�

with

D � @ 2

@r 2
� 1

r

@

@r
� @ 2

@z 2

and where Re � OR1dr=m: Reynolds number, p: press-

ure, and u, v, w: the velocity components. The domain
is R1RrRR2 and 0RzRL:
The continuity equation is:

1

r

@ �ru�
@r
� @w
@z
� 0: �3�

The non-slip boundary conditions are:

u � w � 0 at r � R1

d
and

R2

d
; 0RzRL

d

u � v � w � 0 at z � 0 and z � L

d
;

R1

d
RrRR2

d

Fig. 7. Directional characteristics of three-segment probe #2. Open points were obtained by calibration, lines by ®tting these points

by Fourier series of fourth order and full points stand for measurement of the Ekman vortex shown in Fig. 10(c).

Fig. 8. Microphotograph of probe #2.
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v � 1 at r � R1

d
; v � 0 at r � R2

d
and

0 < z <
L

d
:

�4�

The equations are spatially discretized by means of
the ®nite element method. The elements are second-
order quadrangles (9 nodes) for the velocities and lin-

ear ones (4 nodes) for the pressure. Thus the velocity
gradients and the vorticity are obtained within a linear
approximation. Nevertheless, there is a discontinuity of
v in the corners at the inner cylinder. This problem

was overcome by imposing a zero velocity at the ®rst
and last nodes of the inner boundary discretization.
The resulting non-linear discrete system is formu-

lated in Arrow-Hurwics's approach:

ÿ 1

Re
D~u�

ÿ
~u � ~r

�
~u� ~rp � ~f

@p

@ t
� r ~r � ~u � 0:

Due to the convective term we use an iterative method
which turns the system in hand into a sequence of Sto-
kes's problems in which the right-hand side is changed
at each iteration. The process leads to a sequence

of approximate solutions u0, u1, . . . ,un, given by the
system:

ÿ 1

Re
�D~u�n�1�

�
~rp
�n
� ~f n�1 ÿ

ÿ
~u
n ~r
�
~u
n

Fig. 9. Dependence of the secondary ¯ow on the Taylor number. At Ta � 27:67 �m � 48 mPa s, O � 4 rad sÿ1) only the Ekman

vortex is present (upper ®gure). At Ta � 42:82 �O � 6:19 rad sÿ1) Taylor vortices are born (middle ®gure) and at Ta � 43:99
�O � 6:36 rad sÿ1) Taylor vortices are developed (lower ®gure).

V. SobolõÂk et al. / Int. J. Heat Mass Transfer 43 (2000) 4381±4393 4387



pn�1 ÿ pn

k
� r

ÿ
~r~u
�n�1� 0:

The time step is denoted by k and the couple �~u0, p0� is
a ®rst estimate; the best one being the Couette sol-

ution. We use the Lagrangian method for the resol-
ution of the system. Indeed, it is e�cient for quadratic
problems with linear constraints. Among all tested al-
gorithms, we retained the conjugate gradient whose

parameters can be chosen automatically. The conver-
gence of these methods is linear. The ®nal algebraic
systems are solved by means of Gauss±Seidel pro-

cedure [22].
The mesh is regular both in r and z with element

size of order 0:6� 0:6 mm. This is obtained with 32�
256 points for the corresponding experimental geome-
try.

5. Results and discussion

The numerical results on the vortices development

are shown in Fig. 9 in dependence on Taylor number.
The velocity vectors, composed of the radial and axial

components, are presented by arrows. At the lowest
Taylor number, Ta � 27:67 �m � 48 mPa s, O � 4 rad

sÿ1), only Ekman vortex is present in the half-gap.
Theoretically it spreads until the middle of the gap
where it has very low velocity. At Ta � 42:82 �O �
6:19 rad sÿ1), the Taylor vortices are born and the
Ekman vortex is squeezed into a length of about 13

mm. At Ta � 43:99 �O � 6:36 rad sÿ1), the Taylor vor-
tices are fully developed, but their intensity is smaller
than the intensity of the Ekman vortex. When the Tay-

lor vortices are present, the length of the Ekman vor-
tex can be considered as constant.

The distribution of the velocity gradient components

Fig. 10. Distribution of azimuthal and axial components of velocity gradient at the ®xed cylindrical wall in 10-cells mode. Open

points stand for probe #2, full points for probe #1, round points for @v=@y and square points for @w=@y: m � 0:048 Pa s,

OC � 6:19 rad sÿ1, O=OC = (a) 0.93, (b) 0.96, (c) 0.99, (d) 1, (e) 1.03, (f) 1.08.
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at the wall of the outer cylinder, and the values of the

velocity gradient components at one point of the ®xed

ring which were measured by three-segment probes are

shown schematically in Fig. 3.

The results measured in the Emkarox solution with

a viscosity of 48 mPa s are shown in Fig. 10. The dis-

tance x spreads only into half-length of the gap. With
the aim of comparing the function of the electrodes in

the wall, the data are shown on this half-length. As

@w=@y is an odd function of z, one series was taken

with the opposite sign. The data measured by the

probes coincide within a limit of 5%.

As con®rmed by the numerical simulation, the

Ekman vortices are present at small rotation rates

(Fig. 10(a)). At higher rotation rates, but which are
still smaller than that corresponding to the critical

Taylor number, slowly rotating cells appeared between

the Ekman cells (Fig. 10(b) and (c)). At supercritical

rotation rate (Fig. 10(d) and (f)), the ¯ow in these cells

was more important but the amplitudes of velocity
gradients never reached those of the Ekman vortices.

Maximum and minimum values of the velocity gradi-

ent components are given in Table 1. Regardless of

whether the cylinder rotation was started slowly or

abruptly, 10 cells always developed in the gap.

The ¯ow of the more dilute Emkarox solution (a vis-

cosity of 21 mPa s) is sensitive to the starting process.

To obtain 10 cells, it was necessary to slowly increase

the rotation rate. These results are shown in Fig. 11

and Table 1. The amplitudes of the Ekman vortices

were still greater than the amplitudes of the inner vor-
tices. Higher normalized rotation rates O=OC which

were achieved with this lower viscosity solution

resulted in a skew axial dependence of @w=@y on z.

The changes of this component were steeper at sources

(maximum of the azimuthal velocity gradient com-

ponent) than in sinks. In other words, the extremes of

@w=@y were closer to source than to sink. The distri-
bution of @v=@y was still symmetric with almost con-

stant values of minima in sinks dependent only on

rotation rate. When the rotation rate was set-up

abruptly to a value superior to the critical rate, 12 cells

are accommodated in the apparatus (Fig. 12). This

number of cells remained constant even if the rotation
rate was slowed down to the critical value. The regime

with 8 cells occurred once in this solution. Comparison

of the wall velocity gradient components for 8, 10 and

12 cells is shown in Fig. 13. The amplitude of the

Ekman vortex increases slightly with decreasing num-

ber of cells, or in other words with increasing length of

the Ekman cell.

The dependence of the maximum and minimum of

Fig. 11. Distribution of azimuthal and axial components of velocity gradient at the ®xed cylindrical wall in 10 cells mode:

m � 0:0227 Pa s, OC � 3 rad sÿ1, O=OC = (a) 1.12, (b) 1.30, (c) 1.47, m � 0:0214 Pa s, OC � 2:83 rad sÿ1, O=OC = (d) 2.
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Table 1

Extremes of azimuthal and axial components of velocity gradients for 10 cells mode in two EMKAROX solutionsa

cE m, r Oc, Ow O vy, extr=x, wy, extr=x vy, Couette

20% 48� 10ÿ3 6.19 5.66 68.3/11 50.3/22 53.7/49 53, 9

1050 9.28 12.6./6 ÿ4.2/16
5.83 73.3/11 50.7/22 58.6/33 55.6/40 56.3/49 55, 5

13.6/6 ÿ5.5/16 1.6/28

6.01 82.7/12 51.4/22 63.7/31 58.2/40 60.4/49 57, 2

15.7/7 ÿ8.0/16 3.0/26 ÿ2.4/36
6.19 86.9/12 49.6/22 67.3 /32 56.2/40 63.2/49 59, 0

17.1/7 ÿ10.4/16 4.8/27 ÿ3.4/36 1.5/45

6.36 97.4/12 46.5/22 82.8/31 48.8/40 79.5/49 60, 6

20.6/7 ÿ14/16 9.6/27 ÿ10.2/35 8.2/45

6.54 110/11 42.9/21 96.8/30 44.1/40 96.1/49 62, 3

23.8/7 ÿ19/16 16.0/27 ÿ16.3/35 15.0/45

14.3% 22:7� 10ÿ3 3 3.35 64.6/12 21.2/21 59.5/31 20.8/40 56.7/49 31, 9

1040 4.46 15.6/7 ÿ13/16 12.8/27 ÿ11.1/35 11.4/45

3.89 100/12 23.3/21 98.8/31 23.1/40 95.2/49 37, 0

26.4/7 ÿ23.3/15 24.7/27 ÿ23.2/34 23.1/45

4.42 132/12 27.3/21 128/31 28.5/40 121/49 42, 1

36.6/8 ÿ32.3/15 34.0/27 ÿ31.2/34 32.2/46

21:4� 10ÿ3 2.83 5.66 220/12 44.3/22 200/31 51.2/40 188/49 53, 9

1039 65.5/8 ÿ59.0/15 54.9/27 ÿ50.0/35 50.4/45

a x denotes distance from ring in millimeters (Fig. 1).

Fig. 12. Distribution of azimuthal and axial components of velocity gradient at the ®xed cylindrical wall in 12 cells mode:

m � 0:0214 Pa s, OC � 2:83 rad sÿ1, O=OC = (a) 1.19, (b) 1.38, (c) 1.56, (d) 2.
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@v=@y on the Taylor number is shown in Fig. 14.

These values were measured in the 10-cell regime. The

velocity gradient components were normalized by the

wall gradient in laminar Couette ¯ow at Tac � 42:8:
Two regions can be distinguished. For Ta < Tac the

maximum grows slowly and the values are slightly

greater than in laminar Couette ¯ow. Starting with Tac

the growth is more progressive and follows the line

0.15Ta±5.07. There is a decrease in the minimum start-
ing at Tac: From Ta about 48 the minimum increases

slowly, but never exceeds the corresponding hypotheti-
cal value of the laminar Couette ¯ow. An abrupt
change can also be observed in the dependence of the

extremes of @w=@y on Taylor number (Fig. 15). As
@w=@y alternates along the gap, the absolute values of
maximum and minimum are shown in this ®gure.

The velocity gradient at the ®xed upper ring was
measured only in one solution with a viscosity of 48
mPa s at a radial distance of 3.3 mm from the inner

cylinder. The measured components @u=@x and @v=@x
are shown in Fig. 16 against the rotation rate. The
measurements are in very good agreement with the nu-
merical simulations. At the beginning, @v=@x grows

almost linearly with O: At a low Ta, @u=@x achieves
small negative values. This is probably due to a little
secondary counter rotating vortex in the corner of the

inner cylinder, which was observed by Cli�e and Mul-
lin [23].

6. Conclusions

This work has focused on the boundary e�ects on
the ®rst transition in con®ned circular Couette ¯ow.
The measurements accomplished by the wall shear rate

probes as well as the numerical simulations made it
possible to con®rm the following scenario of incipience
of secondary ¯ow with increasing Taylor number. A

secondary ¯ow, so-called Ekman vortices, is always
present at the ®xed con®ning rings. Its intensity
increases with the rotation rate of the inner cylinder.

The next pair of vortices appears between the Ekman
vortices at Ta about 0.95 Tac, reducing the space occu-
pied by the two end wall Ekman vortices. This new

Fig. 13. Comparison of 8 (a), 10 (b) and 12 (c) cells modes:

m � 0:0214 Pa s, OC � 2:83 rad sÿ1, O=OC � 2:

Fig. 14. Dependence of normalized maxima (circles) and minima (squares) of azimuthal component of velocity gradient on Taylor

number. The shadows stand for viscosity: q Ð 0.0214;K Ð 0.047;+ Ð 0.0531; Q Ð 0.0663 Pa s.
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pair is obviously related to Taylor instability, but the
bifurcation di�ers from the classical case. This birth

process is local and continues with increasing Taylor
number until the whole domain is ful®lled. The ®nal
number of vortices depends on the way in which the
rotation rate was adjusted.

At Tac the maximum value of @v=@y in the Ekman
vortex is 1.44 times greater than the gradient in lami-
nar Couette ¯ow. For Ta > Tac these maxima grow

linearly with Ta.
The extremes of @w=@y and @v=@y are only slightly

dependent on the cell number. To a ®rst approxi-

mation, these extremes normalized by the velocity
gradient at the critical laminar Couette ¯ow depend
only on Taylor number.

The minima of @v=@y have local minimum approxi-
mately at Ta � 50 (which is slightly higher than Tac),

then grow with Ta and approach the hypothetical
value of velocity gradient in laminar Couette ¯ow.
The measured distribution of the components of the

velocity gradient can be used for verifying compu-

tational ¯uid dynamics software.
The metallic bands which connect the upper and

lower rings do not interfere with the ¯ow.

The Emkarox solutions with concentrations used in
our experiments do not exhibit elasticity which would
lower the critical Taylor number.
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